Introduction {#Sec1}
============

Quantum engineering of finite-size artificial adatom lattices^[@CR1]--[@CR7]^ on metallic surfaces has provided a unique approach to explore how variations in the lattice shape or structure affect emergent electronic properties. This has given rise to the creation of Dirac cones in molecular graphene^[@CR5]^ and artificial Lieb lattices^[@CR6]^, as well as the discovery of many quantum phenomena, such as quantum mirages in Kondo corrals^[@CR1],[@CR2]^ or topological superconductivity^[@CR7]^. Artificial lattices also open a new road to studying the emergence of strong correlation effects^[@CR8]--[@CR12]^ through the use of magnetic adatoms, and the ensuing Kondo effect^[@CR13]^. Such Kondo lattices^[@CR4]^, which when rendered coherent, are believed to contain all salient features of heavy-fermion materials. They should permit the exploration of how many-body phenomena emerge at the nanoscale, evolve across the mesoscale, and result in the many complex properties of macroscopic systems^[@CR14]^. At the same time, atomic manipulation techniques enable the controlled implementation of defects or vacancies, opening up a new field for studying the interplay between disorder and strong correlation effects. These possibilities might hold the key to greatly advancing our understanding of the many unconventional properties and complex phases of strongly correlated electron materials at the macroscale^[@CR9],[@CR10]^.

In the following, we demonstrate theoretically and experimentally how the properties of Kondo droplets are affected by the droplet's real-space geometry and evolve with increasing droplet size. In particular, we show that by changing a droplet's real-space geometry, we can (a) quantum engineer coherently coupled Kondo droplets whose properties asymptotically approach those of a quantum-coherent Kondo lattice, and (b) markedly increase or decrease the droplet's Kondo temperature. As these coherent Kondo droplets can be created with fewer than 50 adatoms, our results open an arena for the exploration of heavy-fermion physics at the nanoscale. Furthermore, we demonstrate that a Kondo echo emerges at Kondo hole sites in a Kondo droplet as a characteristic signature of spatially extended, quantum-coherent Kondo cloud correlations.

Results {#Sec2}
=======

Large-*N* theory for Kondo droplets {#Sec3}
-----------------------------------

To study the emergence of correlation effects in Kondo droplets, we use atomic manipulation to arrange magnetic Co adatoms on metallic Cu(111) surfaces^[@CR1]^ in the form of highly ordered, hexagonal Kondo droplets (Fig. [1](#Fig1){ref-type="fig"}a--d). After benchmarking the intact lattices, we study defects in the form of Kondo holes created through missing Co adatoms (Fig. [1](#Fig1){ref-type="fig"}e). Cu(111) surfaces are uniquely suited to investigate the emergence of many-body effects in Kondo droplets, as Kondo screening arises from the coupling to a surface band of two-dimensional electrons^[@CR1]^---in which correlation effects are expected to be spatially longer ranged---rather than to three-dimensional bulk bands. Such Kondo droplets are described by the Kondo Hamiltonian^[@CR8],[@CR13],[@CR15]--[@CR20]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ being an integer.Fig. 1Assembly of Kondo droplets using atomic manipulation. Starting from a single Co adatom **a** consecutive construction of a Kondo droplet with 1 (**b**), 2 (**c**), and 3 (**d**) rings of Co adatoms. In **e** a single atom is removed to create a Co vacancy (Kondo hole) in the droplet center, used as a Kondo cloud correlation probe for the entire droplet. Here, the Co adatom distance is $\documentclass[12pt]{minimal}
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                \begin{document}$$z$$\end{document}$. Right scale bar indicates the length scale of one-half Fermi wavelength of the itinerant 2D electron gas. Schematic: Quantum interference of electronic wave functions (red and green lines) participating in the Kondo screening of magnetic Co adatoms (filled blue circles with red arrows) on nearby sites can either enhance or suppress Kondo screening. In the case of constructive interference, a macroscopic Kondo cloud pervades the entire droplet and is detected at the Kondo hole site as a Kondo echo.Fig. 2Spatially dependent Kondo screening within a droplet. Spatial structure of Kondo droplets consisting of three rings of magnetic adatoms with distance **a** $\documentclass[12pt]{minimal}
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To describe the Kondo screening of the Co adatoms by Cu(111) surface electrons, we employ a large-*N* expansion^[@CR15]--[@CR17],[@CR20]--[@CR23]^, which has previously been used to successfully explain^[@CR24],[@CR25]^ the asymmetric form of the Kondo resonance in the differential conductance, $\documentclass[12pt]{minimal}
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Evolution of Kondo screening with increasing droplet size {#Sec4}
---------------------------------------------------------

To investigate the evolution of Kondo screening from a single Kondo impurity to the Kondo lattice, we begin by considering how the droplet's physical properties change with increasing number of rings of Co adatoms with adatom distance $\documentclass[12pt]{minimal}
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                \begin{document}$$s$$\end{document}$ with increasing droplet size reflects the crossover in the droplet's properties from those of a single Kondo impurity to those of a Kondo lattice. Moreover, as one moves from the droplet's center to its edge, the hybridization increases, indicating that the properties of the Kondo adatoms along the edge lie between those of the bulk (as exemplified by the droplet's center) and those of a single Kondo impurity. In Fig. [2](#Fig2){ref-type="fig"}d, e, we present a spatial plot of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {E}_{{\rm{K}}}({\bf{r}})$$\end{document}$ shown in Fig. [2](#Fig2){ref-type="fig"}d, e, therefore, directly reflect the different physical properties of a Kondo impurity and a Kondo lattice. These results thus imply that it is possible to study the crossover from a single Kondo impurity to the Kondo lattices not only with increasing droplet size, but also within the same droplet exhibiting bulk properties in its center and properties more similar to isolated impurities along its edges.

Quantum-coherent and incoherent Kondo droplets {#Sec5}
----------------------------------------------

The hybridization as well as the width of the Kondo resonance, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta {E}_{{\rm{K}}}$$\end{document}$, can be controlled in a non-monotonic fashion, by varying the distance between the magnetic adatoms, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\Delta {E}_{{\rm{K}}}$$\end{document}$ arises from the constructive or destructive quantum interference between the Kondo screening clouds associated with each individual magnetic adatom (Fig. [1](#Fig1){ref-type="fig"}e and Supplementary Note [3](#MOESM1){ref-type="media"}). We note that with increasing droplet size, the width of the Kondo resonance increases and evolves into the hybridization gap of the coherent Kondo lattice^[@CR29]^. As such, the increased $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta r=3{a}_{0}$$\end{document}$ the Kondo resonance at the center of the droplet is strongly suppressed, indicating the destructive interference of the Kondo screening clouds. This demonstrates that the creation of a coherent, nanoscale Kondo lattice can be controlled through manipulation of the droplet's geometry and the ensuing quantum interference processes.Fig. 3Engineering the strength of Kondo screening. **a** Dependence of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta r=3{a}_{0}$$\end{document}$ (black curve, anti-correlated droplet). These two lattices correspond to green arrows in **a** contrasting the droplet behavior for constructive (correlated droplet) and destructive (anti-correlated droplet) quantum interference. At other lattice spacings (see **a**), the droplet is uncorrelated and Kondo screening occurs essentially independently at each adatom site. The vertical black arrows above **a** indicate the experimentally realized droplets, which contrast uncorrelated (dashed arrow, droplet 1) and correlated (solid arrow, droplet 2) Kondo screening.

Experimentally engineered Kondo droplets {#Sec6}
----------------------------------------

While our theoretical results predict the largest difference in the strength of the Kondo screening between droplets with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta r=3{a}_{0}$$\end{document}$, we find experimentally that Co lattices with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \, < \, 4$$\end{document}$ are insufficiently stable for detailed spectroscopy. On the other hand, for the two lattice types shown in Fig. [2](#Fig2){ref-type="fig"}a, b, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=4$$\end{document}$ family yields nearest-neighbor magnetic moment distances closest to and straddling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\lambda }_{F}/2 \sim 15$$\end{document}$ Å, corresponding to the screening limit of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$n=4$$\end{document}$ droplets (Fig. [3](#Fig3){ref-type="fig"}a), contrasting a nearly uncorrelated droplet (dashed vertical black arrow) with a maximally coherent state (solid vertical black arrow). Accordingly, we use atomic manipulation techniques to build two Kondo droplets, each consisting of three rings of Co adatoms with adatom distances of $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{0}=2.55$$\end{document}$ Å is the surface nearest-neighbor spacing for Cu(111) at 4.2 K. In Fig. [4](#Fig4){ref-type="fig"}a, b, we present the experimental $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ lineshapes measured via STS at the center and edge sites of these droplets, and for comparison, that of an isolated Co adatom. The $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ lineshapes for these two droplets exhibit striking differences: the widths of the Kondo resonances in droplet 2 are significantly enhanced over that of the isolated Co adatom, with the center showing a larger $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ lineshapes in droplet 1 are nearly identical to that of an isolated Co adatom, and the widths of their respective Kondo resonances are the same within experimental error. In Fig. [4](#Fig4){ref-type="fig"}c, d, we present the theoretically computed $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ lineshapes^[@CR24],[@CR25],[@CR30],[@CR31]^ (see Supplementary Note [4](#MOESM1){ref-type="media"}), which well reproduce the experimental results shown in Fig. [4](#Fig4){ref-type="fig"}a, b. These results confirm the theoretically predicted enhancement of the width of the Kondo resonance for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {r}_{{\rm{2}}}=4\sqrt{3}{a}_{0}$$\end{document}$ (see Fig. [3](#Fig3){ref-type="fig"}a).Fig. 4Observation of enhanced Kondo screening. **a** Experimental $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {r}_{2}=4\sqrt{3}{a}_{0}\approx 17.7$$\end{document}$ Å (droplet 2) built on the Cu(111) close-packed surface with an exact 6-fold symmetry. Topographic data in insets uses same colorbar as Fig. [1](#Fig1){ref-type="fig"}. **c**, **d** Theoretical $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{0}=-8$$\end{document}$ mV for droplet 2, which arises from the presence of proximal step edges, and is not directly related to the Kondo resonance. A detailed discussion of how the theoretical lineshapes are obtained is provided in Supplementary Note [4](#MOESM1){ref-type="media"}.

Kondo echo as a signature of quantum coherence {#Sec7}
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The creation of a coherent Kondo droplet for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta {r}_{{\rm{2}}}=4\sqrt{3}{a}_{0}$$\end{document}$ (droplet 2) leads to another unique effect---the formation of a Kondo echo. When a magnetic adatom is removed from the droplet's center to create a vacancy, or a Kondo hole (as shown in Fig. [5](#Fig5){ref-type="fig"}a, b), the spectral signature of the Kondo effect can be observed nonlocally at this site as a Kondo echo. To demonstrate this, we present in Fig. [5](#Fig5){ref-type="fig"}c, d the experimentally measured differential conductance, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ -- the Kondo echo -- occurs at the Kondo hole site in the center of droplet 2. This Kondo signal represents the correlated signature of the Kondo screening cloud of electrons that is macroscopically coherent over the entire droplet. As further evidence of this effect, we show that Kondo droplet 1 (see Fig. [5](#Fig5){ref-type="fig"}a), in which the Kondo resonances are essentially decoupled from each other, exhibits no Kondo signal at the center vacancy (see Fig. [5](#Fig5){ref-type="fig"}c). Our theoretical results for $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ along the same line for the same Kondo droplets with a Kondo hole at the center (see Fig. [5](#Fig5){ref-type="fig"}e, f and Supplementary Note [5](#MOESM1){ref-type="media"} for details) very well reproduce these experimental findings (see Fig. [5](#Fig5){ref-type="fig"}g, h), and in particular, confirm the existence of a Kondo echo at the vacancy site of Kondo droplet 2 (Fig. [5](#Fig5){ref-type="fig"}h), and its absence in droplet 1 (Fig. [5](#Fig5){ref-type="fig"}g). The existence or absence of a Kondo echo in droplets 2 and 1, respectively, is further confirmed by the experimentally measured $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{d}}I/{\mathrm{d}}V$$\end{document}$ at the vacancy site of droplet 1 does not. These results thus demonstrate that the existence of a nonlocal Kondo echo reflects the presence of an extended Kondo cloud that is pervasive and coherent over the entire droplet.Fig. 5Emergence of a Kondo echo. Experimental Kondo droplets for **a** $\documentclass[12pt]{minimal}
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Discussion {#Sec8}
==========

The ability to manipulate the strength of Kondo screening, and hence the Kondo temperature, by varying the size, shape, or lattice constant of Kondo droplets opens a venue for the exploration and quantum engineering of many-body effects, and the many ensuing unconventional properties and phases exhibited by strongly correlated electron materials. Future studies will focus on the possibility to tune the competition between Kondo screening and antiferromagnetic correlations -- which is at the heart of the heavy-fermion problem^[@CR8]^ -- in the same manner as Kondo screening by itself can be manipulated. The creation of Kondo droplets that balance these two competing phenomena such that the addition of a single magnetic adatom could tip the balance one way or another, presents an exciting opportunity to explore this competition. Furthermore, Kondo screening enables the emergence of unconventional superconductivity in many heavy-fermion materials, raising the possibility to create superconducting correlations in Kondo droplets, and manipulate the incipient spatial structure of the superconducting order parameter. The recent development of Josephson scanning tunneling spectroscopy^[@CR32],[@CR33]^ would be a suitable tool to probe the emergence of such superconducting correlations on the atomic scale, opening paths for exploring and manipulating not only the emergence of Kondo lattices and heavy-fermion physics, but also that of unconventional superconducting phases.

Methods {#Sec9}
=======

Theoretical methods {#Sec10}
-------------------

The theoretical results for the local hybridization and Greens functions were obtained using a real-space large-$\documentclass[12pt]{minimal}
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Experimental methods and procedures {#Sec11}
-----------------------------------

The single crystal Cu(111) surface was prepared by repeated cycles of Ar+ ion sputtering and annealing in ultrahigh vacuum. After cooling the sample to 4.2 K, an electron beam evaporator was used to dose Co to $\documentclass[12pt]{minimal}
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